Introduction
Koebe's Retrosection Theorem [8] states that every closed Riemann surface can be uniformized by a Schottky group. In [10] Marden showed that non-classical Schottky groups exist, and a first explicit example of a non-classical Schottky group was given by Yamamoto in [14] . Work on Schottky uniformizations of surfaces with certain symmetry has been done by people such as Hidalgo [7] . The natural question to ask is whether Koebe's Theorem holds if we restrict to classical Schottky groups, that is Schottky groups where some set of defining curves can be taken to be circles.
In this work we look at lifts of collars on a closed Riemann surface to the domain of discontinuity for its uniformizing Schottky group. We get a bound on the lengths of the core curves of the collars, and hence find surfaces which can be uniformized by classical Schottky groups.
We have the following main theorem and corollary: We close this introduction by giving an outline of the proof; definitions are given in §2. Let α be a curve on S that is part of a collection of SU-curves for a Schottky uniformization. The curve has a collar about it which lifts to a ring domain in the domain of discontinuity of a Schottky group Γ. If the lift of α can be replaced with a Euclidean circle, whilst remaining within the ring domain, then that circle can be mapped onto S giving a curve α ′ homotopic to α, with a classical generator. We use the modulus of a ring domain and a condition which prescribes when a ring domain contains an essential round annulus. This condition can be translated to a condition on the length of the original curve α. We have that when curves defining a Schottky uniformization have length at most k we get that S can be uniformized by a classical Schottky group. For genus g = 2 we compare the value of Bers' Constant to the value of k in theorem 1.1, and note that the corollary is true. Definition 2.1.1 (Schottky Group). A Kleinian group is a discrete subgroup of PSL 2 (C), and a Schottky group is a type of Kleinian group with the following standard construction. Take g pairs of disjoint Jordan curves in C, which all bound a common region D, and label them C 1 , C ′ 1 , ..., C g , C ′ g . We call these curves Schottky group defining curves, or SG-curves. Suppose there exist loxodromic Möbius transformations γ 1 , ..., γ g such that γ i (C i ) = C ′ i , and such that D ∩ γ i (D) = ∅. The Schottky group Γ is then Γ = γ 1 , ..., γ g . For any given set of generators there are many such SG-curves which can be chosen.
The domain of discontinuity, Ω(Γ), is the largest open set in C on which Γ acts properly discontinuously, and is either empty or dense in C. The complement of the domain of discontinuity in C is the limit set, denoted Λ(Γ). For a Schottky group we note that Ω(Γ) = γ∈Γ γ D , where D denotes the closure of D. An equivalent definition of a Schottky group is that Γ is a finitely generated, free, purely loxodromic Kleinian Group with Ω(Γ) = ∅ [12] .
A Schottky group is classical if for at least one set of generators the set of SGcurves in C can be taken to be Euclidean circles. There is a lot of choice for the generators of any particular Schottky group and in [4] Chuckrow showed that each set of generators has associated to it a set of SG-curves. Definition 2.1.2 (Uniformization). A collection of g disjoint, homologically independent, sufficiently smooth, simple closed curves s 1 , ..., s g on a closed Riemann surface S of genus g are defining curves for a Schottky uniformization, or SU-curves, if one can choose a Schottky group Γ, with generators γ 1 , ..., γ g , so that there is a fundamental region D bounded by SG-curves
We say then that S is uniformized by a Schottky group. Definition 2.1.3 (Collar [13] ). A collar about a curve α, is an embedded annulus, expressed as C(α) = {x ∈ S | d(x, α) < ǫ}, where d is hyperbolic distance. If α has length l(α) then we can replace ǫ above with a function on l(α), the collar width, denoted w(l(α)), or w(α), which is defined such that, independent of the surface S, if α and β are disjoint simple geodesics on S then C(α) and C(β) with widths w(α) and w(β) are disjoint. Definition 2.1.5 (Round). A ring domain B ⊂ C is round if it is bounded by concentric Euclidean circles, and hence has the form {z | r < |z − c| < s} for r, s ∈ R + , c ∈ C.
Definition 2.1.6 (Essential). Given two ring domains, A and B with B ⊆ A, say that B is essential with respect to A if B separates the boundary components of A.
We can look at the pre-image of a collar about any of the SU-curves in Definition 2.1.2 under the map π : Ω(Γ) → Ω(Γ)/Γ. A collar lifts to infinitely many pairs of ring domains, where within each pair one ring domain is the image of the other under some γ ∈ Γ. A single SU-curve on S is lifted to a pair of curves in Ω(Γ). Pick some such α and let its corresponding SG-curves on Ω(Γ) be C i and C ′ i . One pair of ring domains will have that one ring domain is about C i , and the other about C [13] ). A ring domain, A, is conformally equivalent to an annulus, A(R), defined by A(R) = {z | 1 < |z| < R} for a unique R. The modulus of the ring domain is then defined to be mod(A) = ln R 2π Now we introduce a particular domain, which has an interesting modulus.
Definition 2.2.2 (Grötzsch's Extremal Domain).
Grötzsch's Extremal Domain is a domain, denoted B(r), which is conformally equivalent to a ring domain, and has as its boundary the unit circle |z| = 1 and the segment of the real axis 0 ≤ x ≤ r, r < 1. Its modulus is denoted µ(r).
The following theorem is important and is used in the proof of the main result. [9] ). This function µ(r) is defined in terms of elliptic integrals, in that µ(r) = 1 4
where
A more useful fact [6] about µ(r) is that µ(r) < 1 2π ln 4 r
The following theorem gives the following qualitative condition required for a ring domain on Ω(Γ) to contain a round annulus. Theorem 2.2.5 (Round Annulus [13] ). Any ring domain A with sufficiently large modulus contains an essential round annulus.
Proof of Theorem 1.1
We are now ready to prove Theorem 1.1.
Proof. First we give a brief outline of the proof. The aim is to get a condition on a closed Riemann surface S which means that it can be uniformized by a classical Schottky group. The surface has a Schottky uniformization, S = Ω(Γ)/Γ by Koebe [8] . We have a set of SU-curves s 1 , ..., s g and corresponding SG-curves
on Ω(Γ). We want a Euclidean circle on Ω(Γ) which can be mapped to a curve s ′ on S such that s ′ is homotopic to some s i . Such an s ′ will be said to be a curve for a Schottky uniformization with a classical generator. We take each curve α in this uniformization individually and find a classical SG-curve for it.
We look at the collar about α on S and lift it to a ring domain A in Ω(Γ). We give a condition on the modulus of the ring domain A which allows an essential round annulus to be contained within A. This condition on modulus is then adapted to give a condition based on the extremal length of curves separating the components of the boundary of A. Then through work of Maskit we can rewrite this as a condition based on the hyperbolic distance, and we get a condition on k = l(α).
If all the s i on S lift to circles in Ω(Γ) then S is uniformized by a classical Schottky group. If this is not the case then some SU-curves do not lift to circles in Ω(Γ), so we can take one such curve and call it α. There exists a collar about α which then lifts to a pair of ring domains on Ω(Γ), one about some C i and the other about C ′ i . Let A be the ring domain about C i . We can assume, through conjugation by an element of P SL 2 (C) if necessary, that C − A consists of two components (−A) 1 and (−A) 2 , where 0 ∈ (−A) 1 and ∞ ∈ (−A) 2 . Let z 1 ∈ (−A) 1 maximize |z| over (−A) 1 . Similarly let z 2 ∈ (−A) 2 minimize |z| over (−A) 2 . We can see that if |z 1 | < |z 2 | then A contains the round annulus B = {z | |z 1 | < |z| < |z 2 |}. Theorem 2.2.3 tells us that
From Theorem 2.2.5 we get that we can put a bound on the modulus of A and have an essential round annulus.
Specifically if mod(A) > X, we can use Remark 2.2.4 to get the following inequality:
Taking the first and last terms of the above we have that: ln 32 then A contains an essential round annulus. We now need a way to relate the modulus of a ring domain to the original curve α on S.
To do this we look next at extremal length. The modulus of a ring domain is equivalent to the reciprocal of the extremal length of the curve family C consisting of all curves separating (−A) 1 and (−A) 2 (see [1] ). If we let m A (C) denote this extremal length then we have that m A (C) = 1 mod(A) , and hence
.
Now we need a way to relate the extremal length of curves in a ring domain to the hyperbolic length of the original curve α on S. To do this we use a paper of Maskit [11] which relates these two properties.
The closed Riemann surface S can be written as H 2 /Γ, where a geodesic α on S is lifted by the covering map to a set of hyperbolic lines γ(β) for γ ∈ Γ and β a hyperbolic line. Up to conjugation of the group, we can take that β is the positive imaginary axis. A collar about the geodesic α on S will be lifted to a topological collar of the form So we have that we can relate the modulus of a ring domain to the hyperbolic length on S. We have that if the length of α on S is l, where
then we can find a curve homotopically equivalent to α which lifts to circle in Ω(Γ). If this holds for all SU-curves in the Schottky uniformization then S can be uniformized by a classical Schottky group.
Bers' Constant
In [3] Bers showed the existence of a constant B(g), depending only upon the genus, g, of a closed Riemann surface S, such that there exists a pants decomposition of S where the length of the 3g − 3 curves do not exceed B(g). A pants decomposition is a way of splitting a closed Riemann surface into three-holed spheres, or 'pairs of pants' using 3g − 3 curves. For our Schottky uniformization we only need g SU-curves, which will be a subset of the 3g − 3 curves such that the complement of the SU-curves is connected. We do know though that there exists many sets of g such curves in a pants decomposition, and hence at least one set of SU-curves with lengths less than B(g). Whilst Bers' proof does not give any information on B(g) aside from its existence, work has been done on estimates of B(g) by others. Estimates exist on the length of the shortest curve on the surface, say p 1 , and Bavard [2] gives the expression that cosh l(p 1 ) 4 ≤ 2 sin (g + 1)π 12g
The function above tends to 2 ln (3 + 2 √ 3 + 2 5 + 3 √ 3) as g → ∞. This value is approximately 5.106, and is less than 2π 2 ln 32 , so this means that at least one curve on every closed Riemann surface has a classical generator.
We also have this useful theorem of Grácio and Sousa Ramos [5] :
Theorem 4.1. For a surface of genus g = 2 we have that B(g) = 2 arccosh (2) Hence we have the following corollary to Theorem 1.1: Corollary 1.2 Every closed Riemann surface of genus g = 2 can be uniformized by a classical Schottky group.
Proof. The bound on B(g) from Theorem 4.1 for a genus 2 surface is less than the bound in Theorem 1.1.
